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We study the entanglement and the Bell nonlocality of a coupled two-qubit system, in which each qubit
is coupled with one individual environment. We study how the nonequilibrium environments (with different
temperatures or chemical potentials) influence the entanglement and the Bell nonlocality. Dependent on the
inter-qubit coupling strength (relatively weak or strong compared to local qubits’ frequencies) or the environ-
mental nature (bosonic or fermionic), the two-qubit steady state can have strong correlations and violate the Bell
inequalities with two or three measurements per party. Equilibrium environments compared to the nonequilib-
rium environments (with fixed mean temperatures or chemical potentials) do not give the maximal entanglement
or the maximal violation of Bell inequalities if the two qubits are not identical, such as the two qubits having
an energy detuning or coupling to the environment with unbalanced weights. The nonequilibrium conditions
(characterized by the temperature differences) which give the maximal violation of Bell inequalities are differ-
ent from the nonequilibrium conditions which give the maximal entanglement. The entanglement and the Bell
nonlocality have different responses to the nonequilibrium environments. The spatial asymmetric two-qubit
system coupled with nonequilibrium bosonic environments shows the thermal rectification effect, which can be
witnessed by the Bell nonlocality. Our study demonstrates that the nonequilibrium environments are both valu-
able for the entanglement and Bell nonlocality resources, based on different optimal nonequilibrium conditions
though.
I. INTRODUCTION
The “spooky action at a distance” (entanglement) is the
most counter-intuitive phenomenon in the physics world [1].
Local realism suggests that the description of quantum me-
chanics is not complete. Bell argued the difference between
the local hidden variable (LHV) theory (the complete local
theory) and the quantum mechanical description [2]. Exper-
iments support the quantum mechanics and rejects the LHV
theory [3, 4]. The genuine nonlocality contradicted with the
LHV theory is called Bell nonlocality [5]. Since Bell’s sem-
inal work in 1964 [2], entanglement has been believed to be
equivalent to Bell nonlocality for more than 20 years. It is
correct that all pure entangled states are (Bell) nonlocal [6, 7].
However, Werner showed that measurement results on a type
of mixed entanglement states (Werner state) can have the LHV
description [8]. The relationship between the entanglement
and Bell nonlocality is still obscure since Werner’s work. For
example, higher dimensional Werner state [9] or collectively
measuring the Werner state [10] can reveal the Bell nonlocal-
ity. There are surprising complications in terms of revealing
the Bell nonlocality even for the simplest two-qubit entangled
states [11–13].
The boundary separated the LHV theory and Bell nonlo-
cality is called Bell inequalities, which are characterized by
the correlation functions of spatial separated observables [5].
The simplest nontrivial Bell inequality has the settings of two
measurements and two outcomes per party (bipartite system),
called CHSH inequality, also denoted as I2222 inequality [14].
The sufficient and necessary condition for violation of the
CHSH inequality has been well understood [15, 16]. Gener-
alized into three measurements and two outcomes in bipartite
∗ Email: jin.wang.1@stonybrook.edu
system, there is the I3322 inequality [17]. There are states pre-
serving the I2222 inequality but violating the I3322 inequal-
ity [17]. One thing special about the I3322 inequality is the
maximal violation of I3322 does not have the maximal en-
tanglement [18, 19]. More researches reveal the mismatch
between the maximal entanglement and the maximal viola-
tion of Bell inequalities [20, 21]. Such phenomenon is called
nonlocality anomaly [22]. In the viewpoint of quantum in-
formation, entanglement and Bell nonlocality are difference
resources [23, 24].
Since nonlocal state is a strict subset of the entangled state,
entanglement can be verified via the Bell nonlocality tests,
even when the measurement devices are not trustful. Bell non-
locality can be applied to the device-independent entangle-
ment witness [25–27], state estimation [28] and quantum key
distribution [29–31]. In the simplest scenario, namely two-
qubit states, no simple equation can clarify the relationship
between the amount of entanglement and the maximal viola-
tion of the CHSH inequality [32–35]. There is a threshold
of amount of entanglement that the CHSH inequality is guar-
anteed to be violated [36–38]. However, any pure entangled
states will have the CHSH inequality violation and the amount
of entanglement is linearly related to the maximal violation of
the CHSH inequality [6, 7].
Quantum correlations such as entanglement and Bell non-
locality are fragile due to the interaction with the environ-
ments, known as decoherece [39]. Pure maximal entangled
states (with the maximal violation of the CHSH inequality)
will become unentangled and preserve the Bell inequalities
the subsystem goes through the quantum channels or the cor-
related system is coupled with environments [40–47]. How-
ever, the inevitable interactions with environments is not al-
ways destructive to the correlations. One way is to design the
entangled excited states, which have nonzero population via
the thermal excitation [48–53]. Another way is that weak en-
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2tanglement between non-interacting systems can be generated
if they are coupled with one common environment [54–60].
Furthermore, the steady state entanglement of two-interacting
qubits each coupled with a different environment respectively
can be enhanced if the two environments have different tem-
peratures [61–71] or chemical potentials [70–72].
Although quantum correlations, such as quantum discord
and entanglement, generated or enhanced via the environ-
ments have been extensively studied, as far as we know, no
study has shown that the Bell nonlocality can be beneficial
from the interactions between the system and the environ-
ments. We study two-interacting qubits (with the dipole-
dipole interaction [73] or the spin isotropic XY interaction
[74]) coupled with two reservoirs under different temperatures
(bosonic environments). We also study two electronic sites
with tunneling coupled with two leads under different chemi-
cal potentials (fermionic environments). We apply the Bloch-
Redfield equation for the reduced density matrix to describe
the dynamics of the system [75, 76], instead of the Lindblad
form, since Lindblad form omits the cross transitions between
different environments (by the secular approximation). The
secular approximation wipes out the nonequilibrium steady
state coherence in the energy basis [70, 71, 77–79], which in
principle contributes to the entanglement and the Bell nonlo-
cality.
We find that both nonequilibrium bosonic and fermionic en-
vironments can enhance the amount of entanglement and Bell
nonlocality. Entanglement quantified by concurrence [80] and
Bell nonlocality quantified by the maximal violation of the
CHSH and I3322 inequalities have different responses to the
nonequilibrium environments. Increasing the temperature dif-
ference of the two environments (with the fixed mean temper-
atures) may decrease the entanglement but increase the max-
imal violation of the Bell inequalities. We define the critical
nonequilibrium temperature difference (CNTD) which gives
the maximum of entanglement or Bell nonlocality. We find
that the CNTD is monotonically related to the degree of asym-
metry of the two qubit system, such as the magnitude of de-
tuning frequency and the degree of unequally coupling to the
two environments. The asymmetric two-qubit system natu-
rally gives the thermal rectification effect [64, 81, 82]. Quan-
tum correlations, such as the entanglement and Bell nonlocal-
ity, are closely related to the thermal rectification effect.
The paper is organized as follow. Section II introduces the
entanglement and Bell nonlocality measures. Section III de-
scribes the model and the Bloch-Redfield equation. We study
the entanglement and Bell nonlocality of the system coupled
with the equilibrium environments in Sec. IV. We discuss the
nonequilibrium cases including the thermal rectification effect
in Sec. V. Final Sec. VI is for the conclusions.
II. ENTANGLEMENT AND BELL NONLOCALITY
A. Concurrence
Entanglement measures quantify the amount of entangle-
ment in terms of local operations and classical communica-
tions [83]. The two-qubit case is well-studied. We adopt
the concurrence (entanglement formation) [80] to represent
the amount of entanglement. For a special type of two-qubit
states, called “X”-state, concurrence has the closed form [84]
C(ρX) = 2 max {0, |ρ23| − √ρ11ρ44, |ρ14| − √ρ22ρ33} ,
(1)
where the “X”-state is denoted as (in the local basis):
ρX =
 ρ11 0 0 ρ140 ρ22 ρ23 00 ρ∗23 ρ33 0
ρ∗14 0 0 ρ44
 (2)
Here ∗ denotes the complex conjugate. Clearly, the magnitude
of coherence terms ρ14 and ρ23 (at the local basis) are impor-
tant to the magnitude of concurrence. The overall factor of
2 defined in concurrence is for normalization. The maximal
entangled pure states, which are equivalent to the Bell states
via local unitary operations, have the maximal concurrence 1.
B. Maximal Violation of the Bell Inequalities
Bell inequalities distinguish the LHV description of the
measurement correlation functions [5]. Suppose that Alice
and Bob share quantum correlation via a two-qubit system.
Alice and Bob have mA and mB choices of observables re-
spectively. And Alice’s or Bob’s observable has nA or nB
measurement values (projective measurements on the qubit
system means only two possible measurement results). The
CHSH inequality is considered in the case mA = mB =
nA = nB = 2. Define the Bell (CHSH) operator
B2222 = A1 ⊗ (B1 +B2) +A2 ⊗ (B1 −B2) (3)
where Alice’s (Bob’s) observables are denoted as A1 or A2
(B1 or B2). The subscript 2222 reminds of mA = mB =
nA = nB = 2. The CHSH inequality (also denoted as the
I2222 inequality) gives [14]
|Tr(B2222ρ)| ≤ 2 (4)
The maximal violation can be viewed as the degree of Bell
nonlocality, since the larger violation can be more easily re-
vealed by the imperfect measurements [22]. The information
perspective can provide different nonlocality measures [21].
We do not address the nonlocality measures in this paper. We
adopt the most intuitive and well studied nonlocality measure
in this paper: the maximal violation of the Bell inequalities.
The maximal value of the CHSH operator is 2
√
2 (if ρ is the
maximal entangled states) according to the quantum mechan-
ical description. Given by a density matrix ρ, we can define
the maximal violation function of the CHSH inequality (also
called Bell function in this paper):
I2(ρ) = max
{
0,
max Tr(B2222ρ)− 2
2
√
2− 2
}
(5)
where the maximization in the trace is taken by all possible
observables (four observables in total). We have normalized
the function I2(ρ) as 1.
3Relaxed to three measurement settings for Alice and Bob, a
new inequality can demonstrate the nonlocality of some states
which preserve the CHSH inequality, denoted as the I3322 in-
equality [17]. Define the new Bell operator for the I3322 in-
equality
B3322 = −(A1+2B1)⊗11−11⊗B2+A1⊗(B1+B2+B3)
+A2 ⊗ (B1 +B2 −B3) +A3 ⊗ (B1 −B2) (6)
with the identity operator 11. The I3322 inequality is
Tr(B3322ρ) ≤ 0 (7)
Quantum mechanical description gives the maximal value 1/4
of the I3322 inequality [19]. The normalized maximal viola-
tion function of the I3322 inequality is defined as
I3(ρ) = max {0, 4 max Tr(B3322ρ)} (8)
The maximization of the trace is optimized by all possible
choices of the six observables. If we choose the degenerate
observables A3 and B1, the I3322 inequality will be equiv-
alent to the CHSH inequality. However, if we stick on the
dichotomic observables, there are states violating the CHSH
inequality but preserving the I3322 inequality [17].
Given any density matrix, finding the exact value of maxi-
mal violation of the Bell inequalities is a challenging problem
(non-convex optimization) [85]. Surprisingly, due to the sym-
metry of the B2222 operator (3), we can have the closed form
of the maximal violation of the CHSH inequality (Horodecki
theorem) [15]. If we limit in the two-qubit X-state ρX defined
in Eq. 2, we have [33, 44]
max
A1,2,B1,2
Tr(B2222ρX) = 2
√
M(ρX) (9)
with the function M(ρX):
M(ρX) = max
{
8(|ρ14|2 + |ρ23|2),
(ρ11 + ρ44 − ρ22 − ρ33)2 + 4(|ρ23|+ |ρ14|)2
}
(10)
The function M(ρX) is given by the pure coherence terms or
the imbalance of the population plus the coherence terms.
Analytical results on the maximal violation of the I3322 in-
equality is difficult. Each dichotomic qubit observable has
two free parameters (two angles on the Bloch sphere). Global
maximum based on 12 parameters (for 6 observables) is time
consuming to find out. Analytical arguments show that if Al-
ice fixes her 3 observables, Bob can analytically find their op-
timal choices [85], which reduces half of the number of op-
timization parameters. In the following, we numerically find
the value of Bell function I3(ρ) defined in (8) based on the
global maximization on Alice’s (or Bob’s) observable choices.
III. MODEL AND QUANTUM MASTER EQUATION
A. The Model
Two-qubit system is the simplest case showing the entan-
glement and the Bell nonlocality. We consider two interacting
FIG. 1. The interacting two qubits are coupled with two environ-
ments which have different temperatures or chemical potentials. In
general, the two qubits have different frequencies, denoted as ω1 and
ω2 respectively. Parameters γ1 and γ2 are the coupling spectrums of
the qubit 1 and 2 respectively.
qubits each individually coupled with one environment, see
FIG. 1. The total Hamiltonian of the two-qubit system cou-
pled with two environments has three parts:
H = HS +
∑
j=1
HRj +
∑
j=1
Vj (11)
Here HS is the system Hamiltonian including the two-qubit
interactions; HRj is the free Hamiltonian of the reservoirs;
Vj is the interaction between one qubit and the corresponding
environment. In the following, we set Boltzmann and Planck
constant as 1 for convenience.
Two interacting qubits with frequencies ω1 and ω2 have the
Hamiltonian
HS =
ω1
2
σz1 +
ω2
2
σz2 +
κ
2
(
σ+1 σ
−
2 + σ
−
1 σ
+
2
)
(12)
where κ characterizes the dipole-dipole interaction of the two
atoms [73]. Here σz is the Pauli operator with the eigenstates
denoted as |0〉 and |1〉. And σ+ (σ−) is the raising (lower-
ing) operator σ+ = |1〉〈0| (σ− = |0〉〈1|). If the qubit system
represents the spin system, the Hamiltonian HS describes two
spins subjected to z-direction inhomogeneous magnetic field,
having the spin XY interaction [74]. Hamiltonian HS is also
the toy model describing the double quantum dots with tun-
nelling rate κ (since we omit the Coulomb potential when the
two dots are both occupied). The system has the energy levels:
E1 = −ω¯, |1〉 =|00〉,
E2 = −Ω, |2〉 = cos θ|01〉 − sin θ|10〉,
E3 = Ω, |3〉 = sin θ|01〉+ cos θ|10〉,
E4 = ω¯, |4〉 =|11〉 (13)
with the notations
ω¯ =
1
2
(ω1 + ω2), Ω =
1
2
√
∆ω2 + κ2, ∆ω = ω2 − ω1
(14)
The angle θ (in the range 0 < θ < pi/2) characterizes the
detuning degree of the system:
θ =
{
arctan(−κ/∆ω)/2, if ∆ω < 0
arctan(−κ/∆ω)/2 + pi/2, if ∆ω > 0 (15)
4The perfect identical qubits ω1 = ω2 gives θ = pi/4 and the
eigenstates |2〉 and |3〉 are Bell states. When the inter-qubit
interaction is relatively weak κ < 2
√
ω1ω2, we have the order
E1 < E2 < E3 < E4. When the inter-qubit interaction
is relatively strong κ > 2
√
ω1ω2, the order becomes E2 <
E1 < E4 < E3.
We consider the bosonic thermal reservoir or the fermionic
free electrons reservoir, which has the Hamiltonian
HRj =
∑
kj
ωkj b
†
kj
bkj (16)
where the operators bk have the commutative relations (for
bosonic baths) or anti-commutative relations (for fermionic
baths). Spin-boson model has the interaction Hamiltonian be-
tween the system and the environments:
Vj = σ
x
j
∑
kj
gkj (bkj + b
†
kj
) (17)
Rotating wave approximation can be applied depending on
the transition frequency for different processes. The interac-
tion Hamilton with the rotating wave approximation is depen-
dent on the inter-qubit interaction strength κ. For example,
the term |1〉〈2| ⊗ bk describes the rapid oscillation with fre-
quency Ω− ω¯+ωk whenE1 < E2. However, whenE1 > E2
as κ > 2
√
ω1ω2, such term can not be wiped out by rotating
wave approximation.
B. The Bloch-Redfield equation
Let us consider the case when the interactions between two
qubits are much stronger than the interactions between the
qubit and the environment: gk  κ. The Bloch-Redfield
equation for reduced density matrix of dynamical evolution
is based on the Born-Markov approximation [86]. Lindblad
equation is the Bloch-Redfield equation under the secular
approximation. The Bloch-Redfield equation has the form
[75, 76]
dρS(t)
dt
= −
∫ ∞
0
dτTrR [V (t), [V (t− τ), ρS(t)⊗ ρR]] (18)
where V (t) is the interaction Hamiltonian V1 + V2 in the in-
teraction picture. Here ρS(t) is the reduced density matrix of
the two qubits (in the interaction picture). We assume that
the environments are at their equilibrium states denoted by
ρR = ρR1 ⊗ ρR2 .
In our model, the Bloch-Redfield equation in the
Schrdinger’s picture has the explicit form
dρS
dt
= i [ρS, HS] +
2∑
j=1
Dj [ρ] (19)
FIG. 2. Transitions between energy levels. Blue lines are transitions
with frequency ω+ and yellow lines are transitions with frequency
ω−. (a) When inter-qubit is weak, the frequency ω± has the form
(24). (b) When inter-qubit is strong, the frequency ω± has the form
(26)
.
with the dissipators Dj [ρ] caused by the j-th environment:
Dj [ρ] =αj(ω−)
(
η†jρηj + η
†
jρξj − ηjη†jρ− ξjη†jρ+ h.c.
)
+αj(ω+)
(
ξ†jρξj + η
†
jρξj − ξjξ†jρ− ηjξ†jρ+ h.c.
)
+βj(ω−)
(
ηjρη
†
j + ηjρξ
†
j − η†jηjρ− ξ†jηjρ+ h.c.
)
+βj(ω+)
(
ξjρξ
†
j + ηjρξ
†
j − ξ†j ξjρ− η†jξjρ+ h.c.
)
(20)
Here h.c. denotes the Hermitian conjugate. Coefficients
αj(ω) and βj(ω) are dissipation rates:
αj(ω) = γj(ω)nj(ω), βj(ω) = γj(ω)(1±nj(ω)) (21)
and γj(ω) is the coupling spectrum defined by
γj(ω) = pi
∑
kj
|gkj |2δ(ω − ωkj ) (22)
Bosonic environments give plus sign and fermionic environ-
ments give minus sign in βj(ω). And nj(ω) is the BoseEin-
stein or Fermi-Dirac distribution:
nj(ω) =
1
exp ((ω − µj)/Tj)∓ 1 (23)
where Tj and µj are the equilibrium temperature and chemical
potential of j-th environments respectively.
Since the interaction Vj defined in (17) only has the local
flipping, direct transition between the states |2〉 and |3〉, as
well as between states |1〉 and |4〉, are forbidden, see FIG.
2. Transition operators ηj and ξj in the dissipators (20) are
associated with the frequency ω− and ω+ respectively. Weak
inter-qubit interaction or strong inter-qubit interaction gives
the different forms of the transition operators:
• If κ < 2√ω1ω2, energy levels have the order E1 <
E2 < E3 < E4. Transitions can be grouped into two:
transition with frequency ω+ or ω−
ω± = ω¯ ± Ω (24)
5And the corresponding transition operators (in the en-
ergy basis) have the form
η1 = sin θ (|3〉〈4| − |1〉〈2|) , (25a)
η2 = cos θ (|3〉〈4|+ |1〉〈2|) , (25b)
ξ1 = cos θ (|2〉〈4|+ |1〉〈3|) , (25c)
ξ2 = sin θ (|1〉〈3| − |2〉〈4|) (25d)
• If κ > 2√ω1ω2, energy levels have the order E2 <
E1 < E4 < E3. Transitions have the frequencies:
ω± = Ω± ω¯ (26)
And the corresponding transition operators (in the en-
ergy basis) have the form
η1 = sin θ (|4〉〈3| − |2〉〈1|) , (27a)
η2 = cos θ (|4〉〈3|+ |2〉〈1|) , (27b)
ξ1 = cos θ (|2〉〈4|+ |1〉〈3|) , (27c)
ξ2 = sin θ (|1〉〈3| − |2〉〈4|) (27d)
Cross terms such as η†jρξj in the dissipator (20) are as-
sociated with two different transition frequencies, therefore
viewed as oscillation in the interaction picture. However,
cross terms are the key connecting the population space and
the coherence space (in the energy basis) of the reduced den-
sity matrix. When we have the nonequilibrium environments
(T1 6= T2 or µ1 6= µ2), the Bloch-Redfield equation can give
non-zero steady state coherence, which vanishes in the Lind-
blad form [70, 71, 78, 79].
IV. ENTANGLEMENT AND BELL NONLOCALITY IN
EQUILIBRIUM STEADY STATE
If the two environments have the same temperatures T1 =
T2 = T and chemical potentials µ1 = µ2 = µ, it is expected
that two qubits have the thermal reduced density matrix at the
equilibrium steady state
ρssS =
1
Z e
−β(HS−µN ) (28)
with the partition function Z; the inverse temperature β =
1/T and the number operator N . The super-script ss stands
for the (equilibrium) steady state here. Note that the coher-
ence terms in energy basis die out and the steady state density
matrix has the “X” structure shown in Eq. (2).
A. Equilibrium Bosonic Environments
Bosonic environments such as photon or phonon reser-
voir often does not have conserved particles numbers, which
means that the chemical potential is zero. When the temper-
ature approaches to zero, the two qubit system approaches to
the pure ground state. When the temperature is high T 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FIG. 3. Entanglement and Bell nonlocality of the steady state with
respect to the equilibrium temperature T = T1 = T2. Entanglement
is quantified by the concurrence defined in (1) and Bell nonlocality is
quantified by the I2(ρ) function defined in (5) and the I3(ρ) function
defined in (5). (a) and (c) have the symmetric qubits ω1 = ω2 = 1;
(b) and (d) have the detuning qubits 3ω1 = ω2 = 1.5. (a) and (b)
have the relative weak inter-qubit coupling: κ = 1; (c) and (d) have
the relative strong inter-qubit coupling: κ = 3.
ω1,2, the two qubit system becomes completely mixed, i.e.,
ρS ≈ 114/4. Therefore the general trend of the steady state in
terms of the increasing temperature is from the pure ground
state to the maximally mixed state. Weak inter-qubit coupling
steady state with κ < 2
√
ω1ω2 is essentially different with the
strong inter-qubit coupling steady state with κ > 2
√
ω1ω2,
since one has the product ground state and the other has the
entangled ground state.
We study the steady state entanglement and the Bell nonlo-
cality in terms of the equilibrium temperature T = T1 = T2.
The amount of entanglement is characterized by the concur-
rence C(ρ) defined in Eq. (1). Thermal entanglement refers to
the entanglement generated from the thermal excitation [48].
We have the thermal entanglement at weak inter-qubit cou-
pling case κ < 2
√
ω1ω2, see FIG. 3, since the ground state |1〉
is the product state and the first and second excited states |2〉
and |3〉 are entangled states. Thermal entanglement will van-
ish at high temperature since the two-qubit system becomes
completely random. The critical high temperature giving zero
concurrence is around T ≈ λ/2 [70]. Compare with FIG.
3 (a) and (b), it is obvious that the asymmetric two qubits
ω1 6= ω2 gives larger maximal thermal entanglement. De-
tuning the two qubits gives lower first excited energy, namely
the gap between the ground state and the first excited state is
smaller for asymmetric qubits. Therefore the entangled states
can be more easily excited. The two qubits with the strong
inter-qubit coupling (κ > 2
√
ω1ω2) have the amount of en-
tanglement which is monotonically decreases with the equi-
librium temperature, since the reduced density matrix goes
from the pure entangled state to the completely mixed state
6with the increasing equilibrium temperature, see FIG. 3.
The amount of Bell nonlocality is quantified by the maxi-
mal violation function of the CHSH inequality I(ρ) (defined
in (5)) and the I3322 inequality I3(ρ) (defined in (8)). Al-
though we have the thermal entanglement at weak inter-qubit
coupling case κ < 2
√
ω1ω2, the CHSH inequality and the
I3322 inequality are always preserved, see FIG. 3. Thermal
entanglement refers to the mixture of the product ground state
and the entangled excited state, such as the form ρ(p1, p2) =
p1|1〉〈1|+ p2|2〉〈2| with states |1〉 and |2〉 defined in Eq. (13).
We can directly apply the Horodecki criterion in Eq. (9) to
the density matrix ρ(p1, p2). The CHSH inequality is violated
only when p2 > 1/
√
2. For the thermal entangled density ma-
trix, the portion (classical mixture) of entangled state can not
exceed 1/2. Thus the thermal entangled states always pre-
serve the CHSH inequality. We numerically verify that the
I3322 inequality is the same, i.e., preserving for the thermal
entangled states.
Similar with the entanglement, the two qubits with the
strong inter-qubit coupling (κ > 2
√
ω1ω2) have the I2(ρb)
and I2(ρb) functions that monotonically decrease with the
equilibrium temperature, see FIG. 3. However, Bell nonlocal-
ity drops much more significantly with respect to the temper-
ature than the entanglement. The critical temperature distin-
guishing the entangled and unentangled states is higher than
the critical temperature distinguishing the local and nonlocal
states. Entanglement is much more robust against decoher-
ence than the Bell nonlocality, which also demonstrates that
the nonlocal states are a strictly subset of the entangled states.
B. Equilibrium Fermionic Environments
Quantum dots with coherent tunnelling have been realized
in the experiments [87], where the tunnel coupling strengths
are at the order µeV. The tunnel coupling strength is rela-
tively weak compared to the onsite energy i.e., κ < 2
√
ω1ω2.
Therefore, we do not consider the strong inter-qubit coupling
in the fermionic environment setup. Ground state |1〉 has par-
ticle number 0; states |2〉 and |3〉 are single electron excited
states; state |4〉 has the particle number 2. To distinct the par-
ticle exchange effect of the fermionic environments, we limit
to the low temperature regime. Zero equilibrium chemical po-
tential µ = 0 gives the pure ground state |1〉; high equilibrium
chemical potential environments µ  ω1,2 push the double
quantum dots to be all occupied. There is a resonant point
µ = ω¯ which maximizes the population of the single electron
excited states |2〉 and |3〉.
The steady state entanglement has the non-monotonic rela-
tionship with the equilibrium chemical potential, see FIG. 4.
The maximum is given by the resonant point µ = ω¯ since the
maximum of entangled state population gives the maximum
of the entanglement. The concurrence can overcome the max-
imum of the thermal entanglement: C(ρf) > 1/2 [69]. The
tunnelling strength has the minimum κ > 2 ln(1 +
√
2)/T
for nonzero concurrence [70]. We plot the steady state en-
tanglement for both symmetric and asymmetric qubits. The
asymmetric qubits can be more easily excited since the gap
0.0
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FIG. 4. Entanglement and Bell nonlocality of the steady state
with respect to the equilibrium chemical potential µ = µ1 = µ2
(fermionic environments). Entanglement is quantified by the con-
currence defined in (1) and Bell nonlocality is quantified by the
I2(ρ) function defined in (5) and the I3(ρ) function defined in (5).
(a) Symmetric qubits ω1 = ω2 = 1 or (b) asymmetric qubits
3ω1 = ω2 = 1.5 has the tunneling strength κ = 0.6. The equi-
librium temperature is T = T1 = T2 = 0.1. The dots represent the
maximal points.
is smaller compared to the symmetric qubits. However, the
asymmetric qubits have the partially entangled excited states
|2〉 and |3〉 (non-Bell entangled states), therefore the maximal
concurrence is smaller compared to the symmetric qubits, see
FIG. 4.
The steady state Bell nonlocality quantified by the I2(ρ)
and I3(ρ) functions has the similar behaviors (in terms of
the equilibrium chemical potential) with the entanglement, see
FIG. 4. Functions I2(ρ) and I3(ρ) for symmetric qubits both
have the maximal point at µ = ω¯. However, the asymmet-
ric qubits has the maximal I3(ρ) function at the point slightly
away from µ = ω¯, which results from the asymmetric ob-
servables between Alice and Bob, see the B3322 operator de-
fined (6). Since the I3322 inequality is more favorable to the
partially entangled state [17], the relative magnitude of the
I3(ρ) function is larger than the I2(ρ) function for asymmet-
ric qubits.
V. ENTANGLEMENT AND BELL NONLOCALITY IN
NONEQUILIBRIUM STEADY STATE
When the two environments have different temperatures or
chemical potentials, no ensemble can describe the reduced
density matrix of the two qubit system. The steady state can be
obtained from the dynamical equation of the reduced density
matrix in the long-time limit. The Bloch-Redfield equation in
Eq. (19) can be rewritten into Liouville space and solve the
steady state both numerically or analytically [70, 71]. In equi-
librium setup, the population space and the coherence space
are decoupled, therefore there is no steady state coherence in
the energy basis. However, the nonequilibrium environments
can maintain the coherence between states |2〉 and |3〉 if the
7inter-qubit coupling is relatively weak κ <
√
ω1ω2. We do not
have the nonequilibrium steady state coherence (in energy ba-
sis) if the inter-qubit coupling is relatively strong κ >
√
ω1ω2.
The reduced density matrix (back to the local basis) are al-
ways in the form of the two-qubit X-state defined in Eq. (2).
In the following we assume that the coupling spectrum γj(ω)
is independent of the transition frequencies (not necessarily
γ1 = γ2 though), which is based on the weak coupling ap-
proximations.
A. Nonequilibrium Bosonic Environments
The thermalized two-qubit system can not violate the
CHSH inequality or the I3322 inequality if the ground state of
the system is local. Entangled state has to be dominant in the
mixture of the product state and the entangled state in order
to give the violation of CHSH inequality or the I3322 inequal-
ity. If the ground state is the product state |1〉, the product
state is always the major component for the mixture of the
nonequilibrium steady state. Therefore the CHSH and I3322
inequalities are preserved. We focus on the Bell locality and
entanglement of the nonequilibrium steady state of the two
qubits sharing the strong inter-qubit interaction κ >
√
ω1ω2
in the following.
In the perfect symmetric settings: ω1 = ω2 and γ1 = γ2,
the amount of entanglement and Bell nonlocality monoton-
ically decrease with the nonequilibrium condition ∆T =
T2 − T1, see FIG. 5 (a). We keep the mean temperature
Tm = (T1 + T2)/2 fixed. Both concurrence and the maxi-
mal violation of the CHSH and the I3322 inequalities have the
maximal at ∆T = 0. The population of the ground state |2〉
decreases with |∆T | if we fixed the mean temperature Tm. In
other words, nonequilibrium environments give higher effec-
tive temperature to the system which gives higher portion of
the excited product state. Although the I3322 inequality can
be viewed as the generalized CHSH inequality, there is no ad-
vantage to test the Bell nonlocality of the two-qubit system
coupled with nonequilibrium environments. We do not con-
sider the degenerate dichotomic observables in the I3322 in-
equality testing, therefore the maximal violation of the I3322
inequality does not coincide with the CHSH inequality. In
FIG. 5, states violating the I3322 inequality is always a subset
of states violating the CHSH inequality.
Detuning the two qubits’ frequencies gives the spatial
asymmetry of the system. Another way to introduce the
asymmetry is setting the imbalance of the coupling spectrum
γ1 6= γ2. We give contour plots of the concurrence, the maxi-
mal violation of the CHSH inequality and the I3322 inequality
with respect to the detuning frequency ∆ω = ω2 − ω1 or
the imbalance coupling spectrum ∆γ = γ2 − γ1 in FIG. 6.
The amount of entanglement or Bell nonlocality is not max-
imal at the equilibrium environment ∆T = 0 if ∆ω 6= 0
or ∆γ 6= 0. The nonequilibrium environment can enhance
the amount of the entanglement and the Bell nonlocality in
the asymmetric qubits setup. Higher (lower) frequency qubit
coupled with higher (lower) temperature bath (with the fixed
mean temperature) gives stronger entanglement and Bell non-
locality. Higher temperature environment suggests higher ex-
citation rate, therefore the larger local gap (ω1 or ω2) can
compensate partially the excitation, which helps the system
to remain in the entangled ground state. Similarly, the qubit
with the stronger coupling to the environments should couple
the bath with lower temperature (to have stronger quantum
correlations), which compensates the excitation. The concur-
rence and the function I2(ρ) are symmetric in terms of the two
qubits, while the I3322 inequality is not. However, there is no
obvious asymmetry revealed by the I3322 inequality, namely
∆T and −∆T gives almost the same results.
If the entangled two qubits are going through different lo-
cal quantum channels, entanglement and Bell nonlocality in
general have the same response in terms of the quantum chan-
nels [45–47]. The Bloch-Redfield equation for reduced den-
sity matrix in Eq. (19) describing the two-qubits coupled with
two environments is not equivalent to the local quantum chan-
nel descriptions (two single-qubit quantum channels), since
the two qubits are strongly coupled. Although FIG. 6 demon-
strates the same trend of the entanglement and Bell nonlo-
cality with respect to the nonequilibrium temperature differ-
ence ∆T , the maxima of the concurrence and the nonlocal-
ity measured by the I2(ρ) and I2(ρ) functions are given at
different nonequilibrium conditions ∆T . To better illustrate
the discrepancy between the entanglement and the nonlocal-
ity, we plot the concurrence and the Bell functions I2(ρ) and
I2(ρ) in the same context in FIG. 5 (see the dots represent-
ing the maxima on the FIG. 5). The mismatch between the
entanglement and Bell nonlocality (nonlocality anomaly [22])
indicates that they are essentially different resources, which
have different responses from the local environments. The
nonlocality anomaly (for open quantum system) can only be
revealed by nonequilibrium environments rather than the equi-
librium environments.
We define the CNTD (with fixed mean temperature) which
gives the maximum (the extreme point) of the concurrence:
∆T0,C(ρ) =
{
∆T
∣∣∣∣∣
(
∂C(ρ)
∂∆T
)
Tm
= 0
}
(29)
We have assumed the unique existence of the extreme point.
Similarly, we can define the CNTD in terms of the I2(ρ) and
I3(ρ) functions, denoted as ∆T0,I2 and ∆T0,I3 respectively.
The CNTDs ∆T0,C , ∆T0,I2 and ∆T0,I3 are monotonically
related with the bias ∆ω or ∆γ, see FIG. 7. Larger detun-
ing frequency ∆ω (with fixed ω¯) or imbalance coupling ∆γ
(with fixed γm) requires larger nonequilibrium temperature
difference ∆T to compensate the excitation, in order to max-
imize the population of the entangled ground state. There is
a mismatch between the CNTDs of concurrence and I2(ρ) or
I3(ρ) function. In the regime ∆T0,C < ∆T < ∆T0,I2 or
∆T0,C < ∆T < ∆T0,I3 , increasing the temperature differ-
ence ∆T can enhance the Bell nonlocality but decrease the
entanglement, see FIG. 5. FIG. 5 also shows that the CNTDs
respect to the I2(ρ) and I3(ρ) functions are almost same. It is
interesting to see that the CHSH inequality is the most sensi-
tive indicator of the qubit frequency detuning. The mismatch
between the entanglement and the Bell nonlocality disappears
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FIG. 6. Entanglement and Bell nonlocality of the steady state with respect to the nonequilibrium conditions ∆T = T2 − T1 and the detuning
frequency ∆ω = ω2 − ω1 or the imbalance coupling ∆γ = γ2 − γ1. Two qubits have the detuned frequencies in (a)-(c) with balanced
couplings γ1 = γ2 = 0.1 or have the detuned couplings in (d)-(f) with ω1 = ω2 = 1. Other parameters are set as κ = 3 and Tm = 0.4.
if γ1 = 0 or γ2 = 0. For example if γ2 = 0, the case T1 = 0
and T2 = 2Tm always gives the pure ground state which is
the maximal entangled state.
B. Nonequilibrium Fermionic Environments
We study the entanglement and Bell nonlocality of the two-
qubit system coupled with nonequilibrium fermionic environ-
ments. The nonequilibrium condition is characterized by the
chemical potential difference ∆µ = µ2 − µ1 with T1 = T2.
The inter-qubit tunneling here is assumed to be relatively
weak κ <
√
ω1ω2 (only the spin model can have relatively
strong inter-qubit coupling). The perfect symmetric system
with ω1 = ω2 and γ1 = γ2 has the maximal concurrence and
maximal Bell functions I2(ρf) when the environments are res-
onant with the system ω1 = ω2 = µ1 = µ2, see FIG. 8 (a). No
violation of the I3322 inequality is reported in FIG. 8 (a). The
equilibrium resonant case gives the maximal population of
states |2〉 and |3〉, therefore the nonequilibrium environment
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FIG. 7. CNTDs defined in Eq. (29) in terms of the concurrence,
Bell functions I2(ρ) and I3(ρ). (a) Mean qubit frequency is fixed
by ω¯ = 1 with γ1 = γ2 = 0.1 or (b) mean coupling spectrum is
fixed by γm = 0.1 with ω1 = ω2 = 1. Other parameters are set as
κ = 3 and Tm = 0.4.
∆µ 6= 0 can only reduce the amount of entanglement and the
Bell nonlocality. The entanglement is more robust with re-
spect to the nonequilibrium environment. Entanglement can
survive with larger ∆µ compared to the Bell nonlocality.
Nonequilibrium environments can enhance the entangle-
ment and the Bell nonlocality when the two on-site energies
are detuned, see FIG. 9. Lower frequency qubit coupled to the
higher chemical potential environment can increase the pop-
ulation of the excited states |2〉 and |3〉, which increases the
amount of the entanglement or gives larger violations of the
CHSH inequality and the I3322 inequality. The I3322 inequal-
ity does not have significant advantage to demonstrate the Bell
nonlocality comparing to the CHSH inequality, although we
have partially entangled excited states |2〉 and |3〉. Note that
there are separated regions of the violation for the CHSH in-
equality in FIG. 9 (b). Horodecki theorem in Eq. (9) has two
contributions: pure coherence terms or the imbalance popu-
lation plus the coherence terms. The middle island in FIG. 9
(b) corresponds to the pure coherence contributions, indicat-
ing a large population of the entangled excited states |2〉 and
|3〉. The upper left and the bottom right corners in FIG. 9 (b)
correspond to the imbalance population contribution, which is
originated from the environments far away from the equilib-
rium.
Unlike the bosonic environments, the concurrence and the
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FIG. 8. Entanglement and Bell nonlocality of the steady state with
respect to the nonequilibrium condition ∆µ = µ2 − µ1 (fermionic
environments). (a) Two qubits have the perfect symmetric setup
ω1 = ω2 = 1. Two qubits are detuned as (b) 3ω1 = ω2 = 1.5
or (c) 3ω2 = ω1 = 1.5. Other parameters are set as κ = 0.6,
γ1 = γ2 = 0.1, Tm = 0.15 and µm = 1. The dots are the maxima.
Bell functions I2(ρ) and I3(ρ) have the maxima given by
the same nonequilibrium conditions ∆µ, see FIG. 8, where
the concurrence and the Bell functions I2(ρ) and I3(ρ) are
plotted under the same context. It suggests that the particle
exchange influences the entanglement and the Bell nonlocal-
ity in the same way, unlike the bosonic environments. The
dissipation rates αj(ω) and βj(ω) defined in the dissipator
(20) are bounded, because we have the Pauli exclusions in the
fermionic setup. Therefore the asymmetric couplings γ1 6= γ2
do not give significant influence on the entanglement and the
Bell nonlocality.
C. Thermal Rectification
Nonequilibrium steady states break the time reversal sym-
metry, which suggest the heat current flowing from the high
temperature environment to the low temperature environment
through the system. We can keep track of the energy changes
of the two-qubit system resulting from the two environments.
The heat currents in terms of the two qubits can be quantified
by
Ibj (∆T ) = Tr(Dj [ρ]HS) (30)
The dissipators Dj [ρ] are defined in (20). Current Ibj charac-
terizes the energy change between the j-th qubit and the j-th
environment. Steady state implies that the two currents are
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FIG. 10. Rectification ratio R(∆T ) defined in Eq. (33) in terms
of (a) the frequency detuning ∆ω with ω¯ = 1 or (b) the imbalance
coupling ∆γ with γm = 0.1. (a) Two qubits have the coupling spec-
trums γ1 = γ2 = 0.1. (b) Two qubits have the identical frequencies
ω1 = ω2 = 1. Other parameters are set as κ = 3 and Tm = 0.4.
balanced:
2∑
j=1
Ibj (∆T ) = 0 (31)
Positive Ibj means the energy flowing into the system from
the environment. For example, if T2 > T1, energy is flowing
from bath 2 to bath 1: qubit 2 absorbs the energy from bath 2
(Ib2 > 0) and qubit 1 releases the energy to bath 1 (I
b
1 < 0).
Two qubits with the perfect symmetric setups (ω1 = ω2 and
γ1 = γ2) suggests the symmetry of the heat current:
Ibj (∆T ) = −Ibj (−∆T ) (32)
The same magnitude of the nonequilibrium temperature dif-
ference ∆T gives the same magnitude of the heat current
(with different directions). Introducing the spatial asymme-
try into the system such as ω1 6= ω2 or γ1 6= γ2 breaks the
reversal symmetry of the heat current, which is called thermal
rectification [64, 81, 82]. Thermal rectification effect is the
result of the time reversal symmetry breaking combined with
the spatial symmetry breaking of the system. For example,
when ω2 > ω1, the magnitude of current Ib2(ρ) with ∆T > 0
is always larger than the magnitude of the current Ib2(ρ) with
the same magnitude ∆T but with ∆T < 0. In other words,
heat current is more easily to flow from bath 2 to bath 1 than
from bath 1 to bath 2, if ω2 > ω1. We define the rectification
ratio to quantify the degree of rectification:
R(∆T ) =
I2(∆T ) + I2(−∆T )
max{|I2(∆T )|, |I2(−∆T )|} (33)
Rectification ratio R(∆T ) > 0 means the current from bath
1 to bath 2 is relatively blocked. For the perfect rectification,
we have R(∆T ) = ±1. For the absence of rectification, we
have R(∆T ) = 0. Note that the rectification ratio is an even
function of ∆T .
FIG. 10 shows that the rectification ratio is almost linearly
related with the detuning frequency ∆ω or the imbalance cou-
pling ∆γ. When ∆ω > 0, the heat current from bath 1 to bath
2 is relatively blocked. When ∆γ > 0, the heat current from
bath 2 to bath 1 is relatively blocked. Larger temperature bias
gives the larger rectification ratio. Comparing with FIG. 7 and
FIG. 10, it is obvious that the CNTDs are related to the rec-
tification ratio. The larger of the magnitude of the CNTDs
suggests that the larger of the magnitude of the rectification
ratio.
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Entanglement measures such as the concurrence is not
physical observables. Bell nonlocality is obtained from mea-
suring the Bell operators (observables), such as B2222 and
B3322 defined in Eqs. (3) and (6) respectively. Therefore, Bell
nonlocality has been applied to the entanglement witness [25–
27]. In this paper, we propose that the maximal Bell nonlocal-
ity given by the nonequilibrium environments as the quantum
rectification witness. Such rectification is caused by the quan-
tum correlations shifted by the nonequilibrium environments.
It is far from obvious how the detuning frequency ∆ω and
the imbalance coupling ∆γ jointly influence the CNTDs and
the rectification ratio. We give contour plot for the CNTDs
and the rectification ratio with respect to ∆ω and ∆γ in FIG.
11. It is interesting to see that the CNTD of the concurrence
or the I2(ρ) function in terms of the bias ∆ω can be linearly
compensated by the bias ∆γ. In other words, the maximal
concurrence or Bell nonlocality given by the equilibrium en-
vironment can either come from the perfect symmetric qubit
setup or the spatial asymmetric system when the bias ∆ω can-
cels the effect from the bias ∆γ. Correspondingly, the rectifi-
cation effect caused by one asymmetric bias (∆ω or ∆γ) can
be cancelled by another asymmetric bias (∆γ or ∆ω). And
the cancellation relation is linear. FIG. 11 also clearly shows
that the CNTDs can quantify the degree of the rectification
effect and serve as an indicator.
VI. CONCLUSIONS
We study the entanglement and Bell nonlocality of two
interacting qubits coupled with two environments (with the
same or different temperatures/chemical potentials). The two
interacting qubits have the product ground state or entangled
ground state depending on the strength of the inter-qubit cou-
pling. Thermal entanglement [48–53] generated from the ex-
citation (ground state is the product state) can not have Bell
nonlocality. Bell nonlocality of steady states coupled to the
bosonic environments can only survive if the system has the
entangled ground state, corresponding to the strong inter-qubit
coupling cases. The fermionic environments can more effec-
tively control the entangled state population than the bosonic
environment. Weakly coupled qubits can have nonlocal steady
states if the fermionic environments and the system in reso-
nance ω¯ = µ¯, driving the population of entangled states above
the limit in the bosonic case.
Nonequilibrium environments characterized by the temper-
ature difference or chemical potential difference can enhance
the entanglement and Bell nonlocality if the two qubits’ fre-
quencies are detuned or the two qubits are coupled with two
environments unequally. In the bosonic environment cases,
if the ground state of the system is the entangled state (cor-
responding to the strong inter-qubit cases), the qubit with
smaller frequency coupled to lower temperature environment
(with the fixed mean temperatures of the two environments)
can help the system to remain in the entangled ground state.
In the fermionic environment cases (two quantum dots having
weak tunnelling coupling), the qubit with smaller frequency
coupled to the higher chemical potential environment can
drive one of the electronic site to be occupied, therefore gen-
erating stronger quantum correlations between the two qubits.
The entanglement and the Bell nonlocality have different
responses with respect to the nonequilibrium conditions ∆T .
We study the CNTD which gives the maximal amount of the
entanglement and the Bell nonlocality. The CNTDs of the en-
tanglement quantified by the concurrence are always smaller
than CNTDs of the Bell nonlocality quantified by the Bell
functions I2(ρ) and I3(ρ) defined in Eq. (5) and (8) respec-
tively. In other words, the CNTD which gives the maximal
entanglement does not give the maximal of the Bell nonlo-
cality. Such mismatch reveals that the entanglement and the
Bell nonlocality are different resources [23], having different
responses to the same nonequilibrium environments.
The asymmetric qubits (with detuned frequencies or cou-
pling the two environments unequally) have the thermal rec-
tification effect [64, 81, 82]. We define the rectification ratio
to quantify such effects. Rectification ratio has the monotonic
relationship to the detuning frequency ∆ω or the imbalance
coupling ∆γ. The magnitude of CNTDs are closely related
to the magnitude of rectification ratio. Larger CNTDs, which
means that the maximal quantum correlations require larger
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temperature bias, implies the larger rectification ratios. The
maximal Bell nonlocality given by the nonequilibrium envi-
ronments can be viewed as the rectification witness. The rec-
tification factors, such as ∆ω and ∆γ, can jointly work to-
gether to cancel the rectification effects. Correspondingly, if
the rectification is cancelled by different factors, the maximal
entanglement and the Bell nonlocality are given by the equi-
librium environments with ∆T = 0.
Bell nonlocality characterizes the intrinsic non-classical
correlations. Studies on the entanglement of open quantum
systems can not always refer to the Bell nonlocality of the
open quantum system, especially for the nonequilibrium envi-
ronments. Our study suggests a new way to control different
quantum resources, such as entanglement and Bell nonlocal-
ity, via the different nonequilibrium environments.
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